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Abstract
In quantum gravity the unitary evolution does not follow from the Wheeler-
DeWitt dynamics equation as it follows from the Schrödinger equation in non-
relativistic quantum mechanics. Therefore we can define a spin-foam model based
on SL(2,C) spinor finite non-unitary representations. The recently discovered holo-
morphic Peter-Weyl theorem [8] made it possible to decompose the delta function
of a non-compact Lorentz group into the convergent sum of the matrix coefficients.
We calculate the vertex amplitude with the help of that theorem and obtain a sim-
ple expression for our model. The SL(2, C) Hilbert space is defined from SU(2)
Hilbert space by Huebschmann-Kirillov transform [8]. A new transform is simpler
than the well known Hall transform as it does not contain a heat kernel convolu-
tion. We do not set Barbero-Immirzi constant γ a priori, instead we obtain it as a
solution of the diagonal and off-diagonal simplicity constraints being γ = −in
(|n|+2p)
where p is a non-negative half-integer. When p = 0 the solution corresponds to
the Ashtekar’s self-dual connections. We point out that the Barbero-Immirzi be-
comes real when one chooses a unitary representation. It is complex when the
representation is non-unitary principal series or non-unitary spinor representation.
1 Introduction
The Lorentz spin-foam models were considered in several papers [1] [4] [24] [26].
All previous models were based on the unitary principal series, i.e the unitary infinite
dimensional Lorentz group representation [22] [23] [6]. In [1] the vertex amplitude
expression contains the integral with the Plancherel measure. The expression has a
simple form however it is divergent and, as mentioned by the authors in the discussion,
is formal. Another unitary Lorenzian model [24] is convergent with some additional
regularization procedure. Further progress in the holomorphic approach has been made
in [26] by use of the Hall transform. The unitary choice of the representations in all
above models implies that the principal series representation parameter ρ is real rather
1
than complex as it would be in the case of non-unitary principal series. As a conse-
quence the Barbero-Immirzi constant becomes real, which can be seen directly from
the simplicity constraint solution ρ = γn, where γ - Barbero-Immirzi constant, n -
is a positive integer. We call it an implicit reality condition on the Barbero-Immirzi
constant. In quantum gravity the unitary evolution does not follow from the dynamics
equation as it does in non-relativistic quantum mechanics. One can see it directly from
the Wheeler-DeWitt and Schrödinger equations. Therefore in the current paper we use
non-unitary finite dimensional SL(2, C) representations to define a spin-foam model.
We solve the simplicity constraints with respect to the Barbero-Immirzi parameter and
obtain the series of solutions γ = −in(|n|+2p) , j− = p/2, j+ = j + p/2, where p - is a
non-negative half-integer, j− and j+ - areSL(2, C) spinor representation parameters, j
is an SU(2) spin. When p = 0 the solution corresponds to the model with the self-dual
connection. In addition the Huebschmann-Kirillov transform and the the holomorphic
Peter-Weyl theorem [8] let us find the inner product and the corresponding orthonormal
basis for the Lorentz spinor representation Hilbert space. The spin-foam vertex ampli-
tude is then calculated by decomposing the delta function into the converging sum of
SL(2, C) matrix coefficients. As a result we obtain a simple vertex amplitude expres-
sion and a series of solutions with respect to Barbero-Immirzi cosntant γ and SL(2, C)
spinor representation spins j− and j+.
The paper is organized as follows. In 2.1 we define the spin-network and spin-foam
by using SL(2, C) non-unitary spinor representations. We then use the holomorphic
Peter-Weyl theorem to define the Hilbert space spanned by SL(2, C) matrix coeffi-
cients. In 2.2 we solve the simplicity constraints by calculating the SL(2, C) spinor
representation Casimir and pseudo-Casimir invariants. In 2.3 we proceed by calculat-
ing the spin-foam vertex amplitude. The last chapter 3 is a discussion. Appendix A
contains the details on the spinor non-unitary finite representations of the non-compact
groups and their maximal compact subgroups. Appendix B contains Casimir and
pseudo-Casimir derivation for SL(2, C) spinor representations by use of the differ-
ential operators.
2 Non-unitary Lorentz Spin-Foam
2.1 Non-Unitary Lorentz Spin-Networks and Holomorphic Peter-
Weyl Theorem
Consider a four dimensional Lorentz analytic manifold M. We define a spinor non-
unitary spin-network in a conventional way as a one dimensional oriented graph Γ ,
where each link is assigned a 2j + 1 dimensional non-unitary regular SL(2, C) rep-
resentation and each vertex is assigned an intertwiner between the tensor products of
the representations assigned to the incoming and outgoing edges. The SL(2, C) spinor
representation matrix coefficients Djq,q′ (g), g ∈ SL(2, C) are the analytic continu-
ation of the SU(2) spinor matrix coefficients Djqq′(u), u ∈ SU(2). The complete
basis is spanned by the tensor product of the two matrix coefficients D(j−j+)q−q′−q+q′+ :=
2
D
j−
q−,q′−
(g¯)⊗D
j+
q+,q′+
(g), g ∈ SL(2, C), g¯ - is a complex conjugate. The spin-network
function is then defined as contraction of the spinor matrix-coefficientsD(j−j+)q−q′−q+q′+(g)
with the intertwiners in:
Ψ(A) =
L⊗
k=1
D
(j−j+)
q−q′−q+q
′
+
(h(A, γk))
N⊗
n=1
in (1)
,whereA is a connection defined in each point of the spin-network, γk is a spin-network
edge, h(A, γk) is a holonomy, i.e parallel transport along γk.
In order to define the inner product on the Hilbert space of such functions, we
are going to use the holomorphic Peter-Weyl theorem [8], which establishes the iso-
morphism between the Hilbert space spanned by the compact group K representation
matrix coefficients and the Hilbert space spanned by the matrix coefficients of that
group complexification KC:
φC(g)→ (~pi)
dim(K)/4
e~|λ+ρ|
2/2φ(g) (2)
We call it Huebschmann-Kirillov transform. The inner products of these two Hilbert
spaces are related as follows:
∫
KC
φ¯C(g)φC(g)e−|Y |
2/~η(g)du dY = (~pi)
dim(K)/2
e~|λ+ρ|
2
∫
K
φ¯(u)φ(u) du (3)
,where g ∈ KC and we use polar decomposition g = ueiY , u ∈ K,Y ∈ t, algebra of
K,
λ is the highest weight of K , while ρ is the Weyl vector of K , i.e the half sum of the
positive roots, the density of the measure on the left hand side is
η(u, Y ) =
(
det
(
sin(ad(Y ))
ad(Y )
)) 1
2
, u ∈ K,Y ∈ t (4)
By using (4) we can calculate the inner product of the non-compact group repre-
sentation Hilbert space by calculating the inner product of its isomorphic projection to
the Hilbert space of its maximum compact subgroup representation. Since the map is
provided by constant multiplication, all the orthonormal properties of the matrix coef-
ficients in the compact group case propagate to the Hilbert space of its non-compact
complexification. This map is much simpler than the well known Hall transform as
it does not contain the heat kernel convolution. Even though the inner product is not
Lorentz invariant, it is SU(2) invariant and provides a map between the SU(2) invari-
ant physical space obtained as the solution of the simplicity constraint and its image in
the Lorentz space.
In our case the compact groupK is SU(2) and its complexificationKC is SL(2, C).
The simplicity constraints solution below provides the following matrix coefficients
map:
3
φ(u) = Djqq′ (u), φ
C(g) = D
(p/2,j+p/2)
qq′ (g) (5)
where u ∈ SU(2), g ∈ SL(2, C), j - is a non-negative half integerSU(2) spin, p =
0, 1, .... The above map of SU(2) spin j to SL(2, C) spins (j− = p/2, j+ = j + p/2)
is obtained below in the section (2.2) as the simplicity constraints solution.
The weight constant in (2)
Cj = (~pi)
dim(K)/4e~|λ+ρ|
2/2 (6)
in our case of K = SU(2),KC = SL(2, C) is calculated in the following manner.
The dim(K) = 3, the highest weight λ of the finite dimensional representation is
(dim(V ) − 1)α(H)2 , V is the representation vector space. Since dim(V ) = 2j + 1, it
follows that λ = 2j α(H)2 , where α(H) is the only SU(2) positive root α(H) = 2h,
H = diag(ih,−ih). The Weyl vector ρ = α(H)2 . The Killing form gives the value
of |λ+ ρ|2 = (2j+1)
2
8 . By substituting these values into (2) we find the multiplier
constant:
Cj = (~pi)
3/4
e
~(2j+1)2
8 (7)
The inner products relation (3) for our case of K = SU(2),KC = SL(2, C)
becomes
∫
KC
D
(p/2, j+p/2)
qq′ (g)D
(p/2, j+p/2)
qq′ (g)e
−|Y |2/~η(g)du dY = Cj
2
∫
K
Djqq′(u)D
j
qq′(u) du
(8)
Since the Wigner matrices Djqq′(u), u ∈ SU(2) provide the orthonormal basis, the
same property by (8) propagates to KC matrix coefficientsD(p/2,j+p/2)qq′ (g) . It follows
then from (1) that the same is true for the spin-network (cylindrical) functions defined
on the spinor representations of the Lorentz group Ψ(A).
By the holomorphic Peter-Weyl theorem [8], the matrix coefficients φC(g) are
dense in L2(g, η(g)du dY ). It implies that the spin-network functions Ψ(A) from (1)
are also dense in this space. So we receive the orthonormal basis of the spin-network
functions of the Hilbert space HΓ .
Ψ(A) =
L∏
k=1
D
(p/2,j+p/2)
qkq′k
(g)(h(A, γk))
N∏
n=1
in (9)
4
,where in - the intertwiners between the tensor product of the representations assigned
to the vertex incoming and outgoing edges. The intertwiners contract with the repre-
sentations as in a standard spin-network definition.
2.2 Spinor Lorentz Spin-Foam and Simplicity Constraints
We consider the spin-foam defined on the spin-networks discussed in the previous sec-
tion. The simplicity constraints are in the form introduced in EPRL model [4], i.e
expressed through the representation Casimir C1 and pseudo-Casimir C2. The diago-
nal and off-diagonal constraints are:
C2
(
1−
1
γ2
)
+
2
γ
C1 ≈ 0 (10)
C2 = 4γL
2 (11)
,where C1 = J · J - Casimir Scalar and C2 = ∗J · J - Casimir pseudo-scalar, L -
rotation generators.
SL(2, C) spinor representation Casimir and pseudo-Casimir are derived by using
the differential operators in Appendix B, where we arrive at the following expressions:
C1 = 4(j+(j+ + 1) + j−(j− + 1)) C2 = −4i(j+(j+ + 1)− j−(j− + 1)) (12)
After selecting the spectrum as in [4] , i.e j2+ instead of j+(j++1), and substituting
the Casimir and pseudo-Casimir from (12) into (10) and (11) the constraints become:
− 4i(j2+ − j
2
−)(γ −
1
γ
) = −2(4(j2+ + j
2
−)) (13)
− 4i(j2+ − j
2
−) = 4γj
2 (14)
From (14) we can immediately see that γ is pure imaginary. Let γ = mi, m ∈ R
Then (14) becomes
j2− = mj
2 + j2+ (15)
When solving with respect to m, we obtain:
m =
j2− − j
2
+
j2
(16)
Since the spinor representation is part of the principal series non-unitary representation
with the parameters (n, ρ), n ∈ Z, ρ ∈ C one can express the half integer spins
(j−, j+) via (n, ρ) by using the following relations [23] p. 295:
2j+ =
|n|
2
+
iρ
2
2j− = −
|n|
2
+
iρ
2
(17)
5
where ρ now for the finite dimensional representations is:
ρ = −i(|n|+ 2p), p = 0, 1, 2... (18)
it follows that:
n = (2j+ − 2j−), iρ = (2j+ + 2j−) (19)
By substituting (18) into (17) we obtain:
j− = p/2 j+ = |n|/2 + p/2 (20)
By substituting (18) into the first diagonal simplicity constraint solutions ρ = nγ or
γ = ρ/n we obtain:
γ =
−i(|n|+ 2p)
n
(21)
However the off-diagonal constraint: nρ = 4γL2 produces the solution n = 2(|n|/2+
p) it follows that p = 0 and the only solution for γ in this case as it follows from (21) is
γ = ±i. By substituting (18) into the second diagonal simplicity constraint solutions
γ = −nρ we obtain:
γ =
−in
(|n|+ 2p)
(22)
This solution for γ also contains γ = ±i, when p = 0. Therefore it contains all
solutions for γ corresponding to the spinor representations. We can now express our
newly found solution of the simplicity constraints via spins
(p/2, |n|/2 + p/2), n ∈ Z, p = 0, 1, 2, ... (23)
By using the SU(2) half integer spin j = |n|2 , corresponding to the lowest representa-
tion we can write the solution as:
(p/2, j + p/2) , γ = −sgn(n) i j
j + p
(24)
Solving (13) and (15) with respect to j−, j+ and m we obtain the following solu-
tion:
j− = p/2 (25)
j+ = j + p/2 (26)
Also we can see that m in (16) γ = mi equals to m = −sgn(n) jj+p
We would like to point out the special case of p = 0. The solution in that case is
γ = ±i, (0, j), which corresponds to the Ashtekar’s self-dual connection.
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2.3 Spinor Vertex Amplitude and Transition Matrix
We applied the holomorphic Peter-Weyl theorem [8] to map SU(2) matrix coefficients
to the physical Hilbert space provided by the simplicity constraint solution.
Djqq′ (u)→
1
Cj
D
(p/2, j+p/2)
qq′ (g) (27)
or by substituting Cj from (7)
Djqq′ (u)→ (~pi)
−3/4e−
~(2j+1)2
8 D
(p/2,j+p/2)
qq′qq′ (g) (28)
The amplitude of the vertex bound by ten faces, each assigned SU(2) spin jab and
the edges SU(2) spins ia is then similar to EPRL Euclidean SO(4) case [4]. However
15j symbol spins are different and depend on a half-integer m.
A =
∑
ia+i
a
−
15j
(
p/2, ia−
)
15j
(
jab + p/2, i
a
+
) (29)
3 Discussion
We have defined the Lorentzian spin-foam model by using the non-unitary finite di-
mensional SL(2, C) spinor representations. The simplicity constraints in this case
produced the solution γ = −in(|n|+2p) , j− = p/2 , j+ = j + p/2 , j - SU(2) spin.
This solution corresponds to the self-dual connection, when p = 0. We have defined
the Hilbert space spanned by SL(2, C) spinor representation matrix coefficients and
introduced the inner product by using the recently discovered holomorphic Peter-Weyl
theorem [8].The same theorem provides the Huebschmann-Kirillov transform between
the Hilbert space spanned by the compact group matrix coefficients and the Hilbert
space of the compact group complexification. The new transform has a much simpler
form than the previously known Hall-Bargman-Segal transform. The latter uses the
function convolution with the heat kernel [10] [11], while in the Huebschmann-Kirillov
transform the map is provided by weight multiplication. The SL(2, C) Hilbert space
inner product is then defined via the corresponding SU(2) inner product multiplied by
the weight Cj2 which depends only on the SU(2) spin j. Even though the inner prod-
uct is not Lorentz invariant, it is bi-SU(2) invariant and can be used on the physical
space that is a projection of the Lorentz space to its SU(2) subspace provided by the
solution of the simplicity constraints. As a result the vertex amplitude expression has
a much simpler form as it does not contain the Clebsch-Gordan coefficients. Also the
SL(2, C) delta function decomposition into SL(2, C) matrix coefficients, used in the
vertex amplitude derivation is now well defined and convergent.
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4 Appendix A - SL(2, C)Spinor Finite Non-Unitary ver-
sus Infinite Unitary Lorentz Representations
As it is well known the Lorentz group is non-compact. Therefore the only unitary
representations are the principal and complementary series T nρ(g) on the vector space
of the homogeneous functions. These representations are infinite dimensional.
In the present model we use the finite dimensional Lorentz non-unitary regular right
representations which are similar to the regular right SU(2) representation on the vec-
tor space of the homogeneous polynomials with the complex coefficients.
Let ξ be a complex two vector ξ = (z1, z2) that transforms as ξ′ = ξg, g ∈ SL(2, C).
Consider the vector space of homogeneous polynomials p(z1, z2) of degree 2j in z1
and z2, and j being a half-integer. In this space of the dimension (2j + 1) we define a
spinor transformation D(g) for any g ∈ SL(2, C)
D(g)p(ξ) = p(ξg)
This transformation provides (2j + 1) dimensional representation of the group
SL(2, C):
(
a b
c d
)
and ad− bc = 1
SU(2) is the maximal compact group of SL(2, C). Its spinor representation is ex-
actly the same as SL(2, C) with a, b, c and d replaced by the components of
SU(2) =
(
α+ iβ γ + iδ
−γ + iδ α− iβ
)
,where α, β, γ and δ are real, and α2 + β2 + γ2 + δ2 = 1
Replacing α, β, γ and δ with the complex gij is a complexification of SU(2) group.
The matrix coefficients of the spinor (2j + 1) dimensional representations of SU(2)
and SL(2,C ) have the same form:
Djqq′(g) =
[
(j + q)!(j − q)!
(j + q′)(j − q′)!
]1/2∑
n
(
j + q′
n
)(
j − q′
j + q − n
)
× gn11g
j+q−n
12 g
j+q′−n
21 g
n−q−q′
22
,where q ≤ |j| (30)
The complete basis is spanned by the tensor product of the two matrix coefficients:
D
(j−j+)
q+q′+q−q′− := D
j−
q−,q′−(g¯)⊗D
j+
q+,q′+(g), g ∈ SL(2, C) (31)
We receive SU(2) matrix coefficients Djqq′(u) for u ∈ SU(2) by restricting g to u.
Any SL(2, C) finite dimensional irreducible representation is equivalent to the spinor
representation. For further details refer to [6] [7]
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5 Appendix B - Casimir and pseudo-Casimir for SL(2, C)
Spinor Non-Unitary Representations
We use the SL(2, C) spinor representation differential operators to calculate the corre-
sponding Casimir and pseudo-Casimir. (See [6] [7])
C1 = L+L− + L−L+ + 2L
2
3 −K+K− −K−K+ − 2K
2
3 (32)
C2 = −(L+K− + L−K+ +K+L− +K−L+ + 4L3K3) (33)
We use the following SL(2, C) non-unitary representation differential operators:
L+ p =
[
−
∂
∂z
− z¯2
∂
∂z¯
+ nz¯
]
p (34)
L− p =
[
z2
∂
∂z
+
∂
∂z¯
−mz
]
p (35)
L3 p =
[
−z
∂
∂z
+ z¯
∂
∂z¯
+
1
2
(m− n)
]
p (36)
K+ p =
[
i
∂
∂z
− iz¯2
∂
∂z¯
+ inz¯
]
p (37)
K− p =
[
−iz2
∂
∂z
+ i
∂
∂z¯
+ imz
]
p (38)
K3 p =
[
iz
∂
∂z
+ iz¯
∂
∂z¯
−
i
2
(m+ n)
]
p (39)
By substituting (34) - (39) into the expressions for Casimir (32) and pseudo-Casimir
(33), doing the calculations, and at the end using the half integers j+ and j− instead of
m and n
n = 2j+ m = 2j−
we obtain:
C1 = 4(j+(j+ + 1) + j−(j− + 1)) (40)
C2 = −4i(j+(j+ + 1)− j−(j− + 1)) (41)
It’s a pleasure to thank Prof. Olchanyi, Michael Bukatin, Leon Peshkin and Virginia
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9
References
[1] R. Pereira, "Lorentzian LQG vertex amplitude", Class. Quant. Grav., vol. 25, p.
085013, (2008), 0710.5043.
[2] J. Engle, R. Pereira, C. Rovelli, "Flipped spinfoam vertex and loop gravity”,
Nucl.Phys. B, 798 (2008) 251-290 arXiv:0708.1236 [gr-qc]
[3] J. Engle, R. Pereira, C. Rovelli “The loop-quantumgravity vertex-amplitude”,
Phys Rev Lett 99 161301, (2007)
[4] J. Engle, E. Livine, R. Pereira, C. Rovelli, "LQG vertex with finite Immirzi pa-
rameter", Nucl. Phys. B, 799, 136-149,(2008)
[5] A. Perez, "Spin foam quantization of SO(4) Plebanski’s action", Adv. Theor.
Math. Phys. 5 (2002)
[6] W. Ruhl, "The Lorentz group and harmonic analysis", W.A. Benjamin, Inc., New
York, (1970).
[7] M. Carmeli, S. Malin, "Theory of Spinors", World Scientific Publishing, Singa-
pore, (2000).
[8] J. Huebschmann, "Kirillov’s character formula, the holomorphic Peter-Weyl the-
orem, and the Blattner-Kostant-Strenberg pairing", J. of Geometry and Physics,
58 (2008) 833-848.
[9] A. Ashtekar, J. Lewandowski, "Projective techniques and functional integration
for gauge theories", J. Math. Phys. 36, 2170 (1995).
[10] B.C. Hall, "The Segal–Bargmann Coherent State Transform for compact Lie
groups", J. Funct. Anal. 122 (1994) 103–151.
[11] A. Ashtekar, J. Lewandowski, D. Marolf, J. Mourao, T. Thiemann, "Coherent
State Transforms for Spaces of Connections", (1994)
[12] C. Rovelli, "Quantum Gravity", Cambridge University Press, Cambridge, (2004)
[13] T. Thiemann, "Introduction to Modern Canonical Quantum General Relativity",
Cambridge University Press, (2007)
[14] Dirac P. A. M. Lectures on Quantum Mechanics. Oxford University Press 1967.
[15] R. Penrose "The Road to Reality" , Vintage Books, (2004)
[16] T. Brocker, T. tom Dieck, "Representations of Compact Lie groups", Graduate
Texts in Mathematics, vol. 98, Springer-Verlag, (1985).
[17] A. Durdek "Simple weight sl(2)-modules and their tensor products", Uppsala
University (2008)
10
[18] A.W. Knapp, "Representation Theory of Semisimple Groups: An Overview
Based on Examples", Princeton University Press , (2001)
[19] W. Fulton, J. Harris, "Representation Theory", Graduate Texts in Mathematics,
Springer-Verlag (1991)
[20] R. L. Anderson, R Raczka, M.A. Rashid, P Winternitz, “Clebsch-Gordan coeffi-
cients for the Lorentz group - I: Principal Series”, ICTP, Trieste, IC/67/50, (1967).
[21] R. L. Anderson, R Raczka, M.A. Rashid, P Winternitz "Recursion and Symme-
try Relations for the Clebsch-Gordan Coefficients of the Homogeneous Lorentz
Group", J. of Mathematical Phys. Vol 11, 3, (1970)
[22] I.M. Gelfand, M. I. Graev, N. Ya. Vilenkin "Integral geometry and related issues
of the representation theory", Moscow (1962)
[23] M.A Naimark, "The linear representations of Lorentz Group", Pergamon Press
(1964)
[24] J. W. Barrett, L. Crane, "A Lorentzian signature model for quantum general rela-
tivity", Class.Quant. Grav. 17, (2000)
[25] J. W. Barrett, L. Crane, "Relativistic spin networks and quantum gravity", J Math
Phys 39, 6, (1998)
[26] E. Bianchi, E. Magliaro, C. Perini, "Spinfoams in the holomorphic representa-
tion", Phys. Rev. D 82, Issue 12, (2010)
11
